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Numerical Solution for the Scattering
of Sound Waves by a Circular Cylinder

R.T. Ling*
Northrop Aircraft Division, Hawthorne, California

A numerical method is presented for the solution of the scattering of sound waves by a long circular cylinder.
A generalized scattering amplitude is introduced and used to derive a transformed Helmholtz equation. Coupled
with radiation condition and cylinder surface boundary conditions, the transformed Helmholtz equation is
solved by a finite-difference method. Numerical results for both acoustically soft and hard cylinders are ob-
tained for ka< 12, where k is the wave number equaling ITT divided by the wavelength of the sound waves and a
is the radius of the cylinder. These results are in excellent agreement with those obtained by the eigenfunction ex-
pansion method. Results presented include spatial profiles of the generalized scattering amplitude, amplitude
and phase of the total wave, and bistatic scattering cross sections. The dependence of the total scattering cross
section on ha is tabulated. The optical theorem is satisfied to within 3% error in most cases. The method shows
promise for accurate, systematic calculations for bodies of arbitrary material, size, and shape.

I. Introduction

T HE Helmholtz equation that arises from Filler's equa-
tion and mass continuity equation can be solved by dif-

ferential equation and integral equation methods. One of the
differential equation methods1'3 involves separation of
variables in specific coordinate systems. The solution is writ-
ten as an infinite series of eigenfunctions of the separated
operators. This method is applicable only for a few simple
obstacle geometries such as a circular cylinder or a sphere. In
recent years, there have been attempts4"6 to solve the
Helmholtz equation directly for scalar scattering problems
by finite-difference methods. However, due to the infinite
extent of physical space and the oscillatory nature of field
quantities, a large number of grid points are needed for ac-
curate solutions with such an approach. Convergence of
numerical solutions and enforcement of radiation conditions
present serious difficulties in this direct solution method.
Although a preconditioned conjugate gradient iterative
method5 has been proposed to alleviate the convergence
problems, and various schemes4'6 have been proposed to en-
force the radiation condition at a finite distance from the
obstacle, the direct solution method does not seem practical
for scattering problems. The integral equation method7'8 in-
volves solving a Fredholm equation of the second kind over
the surface of the scatterer. The integral equations are dif-
ficult to solve, though principles of physical optics can be
used to simplify the equations in the short wavelength limit.

The numerical method presented in this paper follows the
differential equation approach, but it differs from both the
eigenfunction expansion method and the direct solution of
the total wave method. In this approach, the asymptotic
form of the scattered wave, represented as outgoing spherical
or cylindrical waves modulating a scattering amplitude, is ex-
tended inward throughout the scattering region by defining a
generalized scattering amplitude that depends not only on
the scattering angle but also on the radial distance from the
scattering center. The generalized scattering amplitude,
though it may vary with radial distance, would be mainly
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nonoscillatory and approach asymptotically the ordinary
scattering amplitude as its limiting value. The scattered wave
remains oscillatory due to the modulating outgoing wave.
The total wave is also oscillatory as a result of the in-
terference between the incident plane wave and the scattered
wave.

The concept of the generalized scattering amplitude is
analogous to that of the wave envelope9 used in various
studies of sound propagation in ducts. This wave envelope
concept was shown to reduce significantly (by two orders of
magnitude) the number of grid points required for steady-
state solution of high-frequency sound propagation in ducts.
The reduction was possible due to the nonoscillatory nature
of the wave envelope. A time-dependent numerical method10

has also been developed to further reduce the computer
storage and run times.

The governing differential equation in terms of the
generalized scattering amplitude can be readily derived from
the Helmholtz equation. The transformed Helmholtz equa-
tion with the corresponding radiation condition and surface
boundary conditions can be solved by the finite-difference
method. The nonoscillatory nature of the generalized scatter-
ing amplitude and its asymptotic behavior allow one to map
the infinite physical space onto a finite computational space
on which a relatively crude grid network can be used to ob-
tain an accurate solution. The body surface boundary condi-
tions and the far-field radiation condition at infinity can be
enforced exactly. Thus, the numerical difficulties en-
countered in the direct solution of the total wave from the
original Helmholtz equation are avoided.

II. Differential Equation Formulation for the
Generalized Scattering Amplitude

The problem under consideration is that of a plane wave
incident normally on an infinitely long circular cylinder. The
schematics of the scattering problem and the cylindrical
coordinate system are illustrated in Fig. 1. The incident
sound wave of wavelength X and frequency v propagates in
the positive x axis direction and is represented by
exp [/ ( k x — w t ) ] , where k = 2ir/\ is the wavenumber and
w = 2irv is the angular frequency. The axis of the cylinder lies
along the z axis, and the cylinder radius is denoted by a.

The propagation of sound in an inviscid fluid at rest can
be described by the variation of fluid pressure or fluid parti-
cle velocity that can be expressed as the gradient of a scalar
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potential. Combining Euler's equation and the mass con-
tinuity equation, a wave equation is obtained that is satisfied
by both the excess pressure (i.e., the difference between the
actual pressure and the pressure of the fluid at rest) and the
velocity potential:

1 a2c/>
c2 dt2 (1)

where </> is either the excess pressure or the velocity potential,
and c = \v = w/k is the speed of sound in the fluid. An exp
[ — iwt] time dependence is assumed for the fluid excess
pressure and the particle velocity. This harmonic time
dependence is suppressed throughout the consideration. The
wave equation, Eq. (1), then reduces to the scalar Helmholtz
equation

0 (2)

(3)

where we have used the symmetry property in eliminating the
z dependence of the excess pressure and the velocity poten-
tial. Since the excess pressure vanishes on the surface of an
acoustically soft cylinder and the fluid particle velocity
vanishes on the surface of an acoustically hard cylinder, the
corresponding boundary conditions are

In cylindrical coordinates, it assumes the form

d2</> 1 3</> 1 d2</>

or, 0 )=0 (4a)

a Dirichlet condition for an acoustically soft cylinder, and

= 0 (4b)
dr

in Eq. (7). Substituting the second term on the right-hand
side of Eq. (6) into the radiation condition, Eq. (5), we
obtain

rhm n= 0 (8)

a very simple Neumann condition on the far-field boundary.
This condition is expected since the generalized scattering
amplitude has no radial distance dependence in the far field.
The body surface boundary conditions in terms of f(r, 0)
corresponding to Eqs. (4a) and (4b) can be readily obtained
by substituting Eq. (6) into Eqs. (4a) and (4b). Thus they
become

f ( a , 0 ) = g ( 6 )

a Dirichlet condition, and

a ( B ) f ( a , 0 )+ /3(0) dr

(9a)

(9b)

a mixed condition. In Eqs. (9a) and (9b), g(0), a ( 6 ) , 13(6),
and 7(0) are known functions of the azimuthal angle. These
transformed body surface boundary conditions, Eqs. (9a) or
(9b), together with the transformed radiation condition, Eq.
(8), and with the transformed Helmholtz equation, Eq. (7),
define a well-posed elliptic problem equivalent to the original
one defined by Eqs. (2), (4), and (5). A unique, stable solution
exists.

The solution of the generalized scattering amplitude over
the physical range of r and 6 completely determines the scat-
tered wave. Of particular interest is the angular dependence of
the intensity of the scattered wave at infinity. In the case of
normal incidence on an infinitely long cylinder, the bistatic
acoustic scattering cross section per unit cylinder length a(0)
can be defined in a manner similar to the definition of bistatic

a Neumann condition for an acoustically hard cylinder.
The total wave <£ can be represented as a superposition of

an incident wave </>' and a scattered wave </>5, </> = </>/ + </>5. In
the far field, the radiation condition applies to the scattered
wave,

lim Vr
dr (5)

The Helmholtz equation, Eq. (3), together with the body sur-
face boundary condition, Eq. (4a) or (4b), and the radiation
condition, Eq. (5), define the scattering problem math-
ematically.

To avoid dealing with the oscillations in the total and scat-
tered waves in the infinite extent of physical space, we refor-
mulate the scattering problem in terms of a nonoscillatory
generalized scattering amplitude that approaches the or-
dinary scattering amplitude asymptotically in the far field. In
this approach, the total wave is written in the following
form:

(6)

where f(r, 6) is the generalized scattering amplitude.
Substitution of Eq. (6) into Eq. (3) results in a transformed
Helmholtz equation

- -302 (7)

The unknown function / is a complex function whose real
and imaginary parts are coupled through the 2ik(df/dr) term

INCIDENT SOUND WAVE

Fig. la Normal incidence of a plane sound wave on a circular
cylinder.

Fig. Ib Cylindrical coordinate system.
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radar cross section in electromagnetic wave scattering

I 0 M 2 (10)

where </>5 is the scattered wave, and 0' is the incident plane
wave. For the unit amplitude plane wave eikx in Eq. (6), it
follows that

(11)

The total acoustic scattering cross section per unit length aT is
defined as the average of the bistatic acoustic scattering cross
sections per unit length over the entire range of scattering
angles. Therefore, we have

(12)
A: Jo 2ir Jo

A relationship between the total scattering cross section and
the scattering amplitude in the forward direction, known as
the optical theorem or the forward scattering theorem3 , can be
derived as a consequence of conservation of energy flux. For
the particular form of the scattered wave given in Eq. (6), it
can be shown that

0)] (13)

where/7" (oo, 0) and/' (oo, 0) are the real and imaginary parts
of the asymptotic scattering amplitude in the forward direc-
tion. Since the total scattering cross section can also be found
by integrating the bistatic cross sections over the range
0<0^27r, according to Eq. (12); the optical theorem, Eq.
(13), serves as a check on the accuracy of numerical solutions.

III. Finite-Difference Technique
The transformed Helmholtz equation and boundary condi-

tions for the generalized scattering amplitude can be solved by
a finite-difference method. The nonoscillatory, smoothly
varying behavior of the generalized scattering amplitude
allows one to make suitable coordinate transformations to
map the infinite physical domain onto a finite computational
domain. Tangent and inverse hyperbolic tangent functions are
examples of suitable coordinate transformations,

tan(-^-r/)

tanh-1 (77)

(14)

(15)

where one can adjust the constants cl and c2 to control the
stretching of the grid points in the physical space. Both
transformations map the infinite range a </*< oo of the radial
distance in the physical space onto the finite range 0 < r; < 1 of
the transformed radial coordinate in the computational space.
These two coordinate transformations provide densely packed
grid points near the cylinder surface to resolve the expected
high gradients in the generalized scattering amplitude in this
region.
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Under the coordinate transformation r = r ( r j ) ,
transformed Helmholtz equation, Eq. (7), becomes

the

(16a)

(16b)

where fr and f' are the real and imaginary parts of the
generalized scattering amplitude and

dr u-- 1
dr2 (17)

For the normal incidence on a circular cylinder, the total and
scattered waves are symmetric with respect to the x axis,
/(r, -0) =f(r, 6) for all 8. A uniform grid network is placed
on the finite computational domain 0 < 6 < TT and 0 < 77 < 1.
Second-order-accurate, centered finite-difference expressions
are used to translate Eq. (16) into a set of simultaneous linear
algebraic equations. The boundary conditions, Eqs. (8) and
(9), are enforced using second-order-accurate, one-sided
finite-difference expressions for the first-order derivatives.
The central-difference expressions used for the interior points
are given by

aV fi-ij-V,j+f,+i
dry2 Ar,2

(18a)

JV_ = fi+u-fi-u
dr, —

*f f,
de2

(18b)

(18c)

where subscripts / andy denote the space indices and where Arj
and A0 are the grid spacings. The backward-difference
formula

2Arj
(19a)

is used for the radiation condition, while the forward-
difference formula

drj (19b)

is used for the first-order derivative in the surface boundary
condition. The simultaneous linear algebraic equations with
boundary conditions properly enforced are solved by direct in-
version of the associated matrix.

IV. Numerical Results and Discussions
For a plane wave normally incident on an infinitely long cir-

cular cylinder, the eigenfunction expansion method has been
used by King and Wu2 and by Bowman, Senior, and Uslenghi3

to compute the amplitude and phase of the total and scattered
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Fig. 6 Phase of total diffracted pressure field; soft cylinder, ka = 3.1,
0 = 0.
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Fig. 7 Amplitude of total diffracted pressure field; soft cylinder,
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waves for various ka values at several locations in the scatter-
ing region. These authors considered a mathematically
equivalent problem of a plane electromagnetic wave normally
incident on an infinitely long, perfectly conducting circular
cylinder. Due to the identical governing differential equation
and boundary conditions, the scattering of sound waves by an
acoustically soft cylinder is mathematically equivalent to the
scattering of electromagnetic waves by a perfectly conducting
cylinder for the polarization case in which the incident electric
field is parallel to the cylinder axis. Similarly, the scattering of
sound waves by an acoustically hard cylinder is mathemati-
cally equivalent to the scattering of electromagnetic waves by a
perfectly conducting cylinder for the polarization case in
which the incident magnetic field is parallel to the cylinder
axis. Morse1 provided the intensity of the scattered wave at
ka - 1, 3, and 5 for scattering by a rigid (hard) cylinder. In this
section, we present solutions based on the approach outlined
in Sees. II and III and compare them with the results from the
eigenfunction expansion method.

Soft-Cylinder Scattering
For the scattering by a soft cylinder at ka = 3.1, profiles of

the generalized scattering amplitude are shown in Figs. 2-4 for
scatterings in the forward, perpendicular, and backscattering
directions. The real and imaginary parts of the generalized
scattering amplitude show rapid changes within a few
wavelengths of the cylinder's surface. This rapid variation in
the generalized scattering amplitude is due to strong interac-
tions between the incident sound waves and the obstacle and is
confined to a small region near the obstacle. Outside the
strong interaction region is an asymptotic region where the

generalized scattering amplitude varies slowly and approaches
its far-field limiting value. The size and shape of the strong in-
teraction region depend on the cross-sectional shape of the
cylinder and the wavelength of the incident plane wave. The
existence of the asymptotic region is dictated by the radiation
condition that requires the scattered wave to be a radially
outgoing cylindrical wave modulating an amplitude function
that at sufficiently large distances from the scattering center
has vanishing dependence on the radial distance. Figures 5-10
show the amplitude and phase of the total sound pressure
computed from Eq. (6). The amplitudes of the total waves are
normalized to the incident wave amplitude, which is taken to
be unity. The behavior of the total wave can be explained as a
result of the interference between the incident wave and the
scattered wave. In the forward direction, the incident wave
and the scattered wave are in phase with each other. It results
in no oscillation (Fig. 5) in the amplitude of the total wave. In
the backscattering direction, incident and scattered waves are
180 deg out of phase, and it results in the most rapid oscilla-
tions (Fig. 9) in the total wave amplitude. Between these two
extremes, the oscillation in the amplitude of the total wave in-
creases from the forward to backscattering directions. Figures
6 and 10 show the relative phase of the total waves in the for-
ward and backscattering directions. The phase of the total
wave in the perpendicular direction is oscillatory, as shown in
Fig. 8. The agreement between the present numerical results
and those of King and Wu's eigenfunction expansion method
is excellent. They are indistinguishable from each other on the
graphs shown in Figs. 5-10 for kr<25. Eigenfunction expan-
sion solutions for kr>25 are not available for comparison
with the present data.
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Fig. 10 Phase of total diffracted pressure field; soft cylinder,
£0 = 3.1, 6 = IT.
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Fig. 11 Distribution of differential cross section in the far field; soft
cylinder, ka = 3.l
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The interference effect can be seen explicitly from the sim-
ple expressions for the magnitude of the total wave in the
forward, perpendicular, and backscattering directions. In the
forward direction, we have 0 = 0 and x = r. The incident plane
wave eikx coincides with the phase factor eikr in the scattered
wave, and the absolute square of the total wave according to
Eq. (6) is given by

(20)
kr

Since both real and imaginary components of the generalized
scattering amplitude in the forward direction are nonoscil-
latory, as shown in Fig. 2, the amplitude of the total wave
should also be nonoscillatory in the forward direction. This is
evident in Fig. 5. In the backscattering direction, we have 6 = IT
and x = - r. The incident wave eikx is 180 deg out of phase with
the phase factor eikr in the scattered wave. The absolute square
of the total wave becomes

\<i>\2= 1 +
kr

cos 2kr—fl sin 2kr

(21)

The second bracketed term on the right-hand side of Eq. (21)
causes rapid oscillations in the total wave in the backscattering
direction, as shown in Fig. 9. The rapidity of oscillation in-
creases from the forward direction to the backscattering direc-
tion. The oscillations in the amplitude of excess pressure, as
shown in Fig. 7, are due to the second bracketed term in the
following expression for the absolute square of the total wave
in the perpendicular direction,

= [1+ cn^(n2]+2[ f cos kr—f sin kr
(22)

The total wave in the backscattering direction oscillates
twice as fast as that in the perpendicular direction. Figure 11
shows the bistatic cross section per unit cylinder length in unit
of the cylinder radius as a function of scattering angle for a
soft cylinder at ka = 3.1. The scattered wave intensity in the far
field peaks in the forward direction.

Hard-Cylinder Scattering
For the scattering by a hard cylinder at ka = 3.1, the profiles

of the generalized scattered amplitude at scattering angles
6 = 0, 7T/2, and TT are shown in Figs. 12-14. As in the soft-
cylinder scattering case, these profiles show the existence of a
strong interaction region characterized by large gradients in
the generalized scattering amplitude near the cylinder's sur-
face. The amplitudes and phases of the total wave computed
from the generalized scattering amplitude according to Eq. (6)
are in excellent agreement with the eigenfunction expansion
solutions given in Ref. 2 for kr<25. The profile of the bistatic
cross sections per unit cylinder length in unit of the cylinder
radius is shown in Fig. 15. The scattered wave intensity in the
far field also peaks in the forward direction.

In the case of hard-cylinder scattering, the incident plane
wave and the scattered wave exert nonvanishing excess
pressures on the cylinder at its surface. The net force on the
cylinder is in the direction of the plane wave propagation and
can be computed by integrating the complex excess pressure
over the cylinder's circumference. Figure 16 shows the
amplitude of the sideward force per unit cylinder length
divided by cylinder circumference as a function of ka. The
data of the present computation are in excellent agreement
with those given by Morse1 for ka<5.

The present method has been applied to ka values ranging
from 0.1 to 12 for both soft- and hard-cylinder scatterings.
The agreement between results of the present study for
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Fig. 14 Generalized scattering amplitude profile; hard cylinder,
£0 = 3.1, 0 = 7T.
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Fig. 15 Distribution of differential cross sections in the far field;
hard cylinder, ka = 3.l.
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Fig. 16 Amplitude of sideward force per unit length F on a cylinder
of radius a. P0 is the amplitude of incident plane wave.

amplitudes and phases of the induced currents on the cylinder
surface and those of the bistatic far-field scattered waves, as
given in Ref. 3 for ka= 1, 5, and 10, is excellent.

As a further check on the accuracy of the numerical results
presented, we employ the optical theorem that relates the total
scattering cross section to the forward scattering amplitude. In
Table 1, the total scattering cross sections computed from the
optical theorem are compared with those obtained by
numerical integration of the bistatic cross sections and by the
analytic formulas given by King and Wu2. The optical
theorem is satisfied to within 3% error in most cases. King
and Wu's analytic formulas provide accurate total scattering
cross sections except at low ka values for hard-cylinder
scattering.
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Table 1 Total scattering cross section

ka

1.0
2.0
3.1
4.0
5.0
5.97
8.0
10.0
12.0

Soft cylinder
I

5.9129
5.2355
4.9240
4.7909
4.6704
4.6022
4.4722
4.4124
4.4146

II
5.9000
5.2061
4.8707
4.7580
4.6263
4.5426
4.4174
4.3215
4.2824

III
5.9156
5.2264
4.9222
4.7805
4.6741
4.5998
4.4945
4.4266
4.3781

Hard cylinder
I

2.0104
2.7153
3.0513
3.2073
3.3181
3.3944
3.4569
3.5152
3.6525

II
2.0790
2.7843
3.1355
3.2351
3.3821
3.4773
3.5634
3.6454
3.7773

III
1.7304
2.6365
3.0231
3.1942
3.3182
3.4023
3.5180
3.5902
3.6407

Note: Method I: Numerical integration of differential cross sections. Method II:
Application of optical theorem. Method III: Analytic formula in powers of ka.

The soft- and hard-cylinder computations are performed
separately because of the different surface boundary condi-
tions. Typical CPU time for a single computation with
ka - 3.1 and a 77 x 33 grid network is less than a minute on an
IBM 3081 machine.

V. Conclusions
The results presented demonstrate that the finite-difference

method for the solution of the transformed Helmholtz equa-
tion is an accurate and efficient numerical method for the scat-
tering of sound waves. The unique feature of this approach is
the introduction of the nonoscillatory generalized scattering
amplitude that characterizes the scattering problems. This in-
troduction makes it possible to apply the finite-difference
method to scattering problems in a manner similar to the ap-
plication of this method to numerical solutions of ordinary
fluid dynamics problems. The flexibility of the finite-
difference method allows ready generalization for application
to complex body shapes, size, and material properties of the
scattering obstacle.
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